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Electromagnetic (EM-)fluctuations in the rectangular wave guide are considered. In the limit
of the empty (lossless) wave guide the partial mode densities, the volume averaged correlations
and the internal energy are discussed in both, the high and the low temperature representation.
The results are compared with the corresponding quantities in the cube, the slab resonator and

the infinite isotropic space.

1. Introduction

In the last years numerous articles concerning
the influence of boundaries on the properties of the
thermal radiation field (blackbody radiation) have
been published [1—16].

Due to the boundaries or due to the finite volume
occupied by the field the correlations of the EM-
field are changed compared to those in the infinite
space [17—22].

In this paper we will consider the hitherto
unknown blackbody radiation field in the rectan-
gular wave guide with perfectly conducting walls.
We assume that the wave guide is homogeneously
filled with an isotropic dielectric medium (e=
¢’ + ¢, magnetic permeability u=1).

The dissipative properties of the medium are
directly connected with spontaneous fluctuations
of charges and currents leading to a randomly
fluctuating polarisation field (P(r,t)). The thermal
radiation field is a consequence of this polarisation
field.

If the quantity A;(r,t) denotes the space and
time dependent operator of one of the components
of the electric (E), magnetic (M), polarisation (P)
or magnetisation (M) field, the corresponding
symmetrized correlation function can be written in
the form:

AP (r, v 1, t') = 3 {di(r, 1), 4;(r', 1)} .
The angular brackets denote statistical average
with respect to the density operator
o~exp(—HksT),

where H represents the Hamiltonian of the system.
The curly brackets are anticommutator brackets.
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The Fourier transformed quantity of (1.1) is
defined by the relation

A (r, v, 1, 1) (1.2)

f ff—— e~iot g=10'' A4S (r v 0, ).

Due to the stationarity of the process the Wiener-
Khinchine theorem is valid:
Ag?)(ry rl’ , w/)
= (di(r) 4(r

(1.3)
(r)s 0 (@ + )

Therefore (1.1) only depends on t—t'=7. The
correlations of the polarisation field are determined
by the fluctuation dissipation theorem (FDT) [22]:

PR (r,r", 0, 0") = G{Pi(r,0), Pj(r, o)} (14)

ho
= hcoth———— e (w) 0y o(r —r') d(w

2kpT dn + o).

The correlations of the magnetic moments vanish
(u""=0). Equation (1.4) expresses the connection
between the dissipative properties of the medium
and the fluctuations of the random forces. Equation
(1.4) is independent of the shape and the boundary
of the medium.

Our procedure will be as follows: We have to
solve the Maxwell equations in the rectangular
wave guide and we obtain the E- and H-field as
functionals of the P- and M-field. Then, the bilinear
quantities in E and H are obtained with the aid of
Equation (1.4).

We will compare our results with the correspond-
ing quantities in the cube [2, 3] and in the slab
geometry [6, 13].

2. Response Functions and Correlation Tensors

In this section we follow the procedure which was
used in Ref. [15]. We put the origin of the coordinate
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system on one edge of the wave guide so that the cross section is described by the coordinates
0=2=<1L; and 0 <y < L. The z-axis is perpendicular to the cross section.

We expand the E, H, P and M field in terms of orthonormal and complete sets of functions which
fulfil the appropriate boundary conditions (the tangential components of the E and P and the normal
componants of the H and M fields vanish on the boundary.):

D, (r) = Ny(cos kyasin ka y, sin ky @ cos ka y, sin ky 2 sin ko y) (27) 12 %2 = @, (2, y) (27) 1252, (2.1)
W, (r) = Ny (sin k1 2 cos ka y, cos ky 2 sin kay, cos ky  cos kay) (27)1/2 e = W, (, ) (27) 12 e (2.2)
ky=mniw/L1 and ks=mneom/Ls; n1,m2=0,1,2,3,...;
k= (k1, k2), ky=| k|, k3 varies continuously from — oo to 4-oo;
N.=2(L1Lo)"V/2 for m1,ne=+0, Npy=(2/L1)1/2 if na=0 and N,=(2/L2)V/2 if n;=0.

We insert these expansions in the Maxwell equations and obtain linear relations among the k dependent
expansion coefficients of the fields.
In Ek-space Eq. (1.4) can be written as follows:

h
(Py(K) P;(K')) = F coth ;k*w? (47)71 Oij €” (0) Oy, 1y Oy, 1 O (3 + K3') - (2.3)
2ks

Equation (2.3) leads to the correlation of the E and H field in k space and a straightforward
calculation including an integration over k3, yields the symmetrized spectra of the correlations in r-space:

ho

(Ei(r) E;(r'))® = B (r, v, ©) = h coth ——— - Im yige(r, r', o), (2.4)
2kg T
ho
(Hi(r) Hj(r'))(j) = Hf-j?)(r, r',w) =hcoth —————Im yypu(r, v, o), (2.5)
2kg T
how .
(Bi(r) H;(r'))® = Gy (r, ', @) = h coth ey (— t Re yijeu(r, v, o)) . (2.6)
B

In (2.4)—(2.6) we defined the response functions:

: © /2 -1/2 [ 2
Im yiee(r.r', 0) = "*é—l/g;—- > (? g — k||2) 0(~62— g — k”2)

1y n2=0

3

2 — .. : w? 1/2
3 [5ﬁ g ki ch} Dy, (x,y) i, (2, ¥') cos [(z —2') (0—2 &g — kng) ] , (2.7
2n o |w = w? 12 [ 2
Im yijmn (r, v, 0) = E—]/%J > (—(;' # — kn2) 0 (—62— & — kuz)
ny,n2=0

el . w? 1/2
; [t%j T ole kg k]'J Vi, (@, y) Vi, (', y') cos [(Z —2) (7 g = kllz) } 5 (2.8)

2z|w| & [w? 12 [ g2
Re yijen (r, 7', o) = lo] 2 (7 & — k"z) ¢ (7 & — ’Cuz)
0 / /

’
V£ ny, n2

< 5 w2 1/2
eyt ki Py (2, y) Phy (@', y') cos l(z —7) (7 g — ’an) ] : (2.9)

In (2.7)—(2.9) we already have taken the limit ¢’ — 0. 6 denotes the Heaviside step function:
O(n)=0if =<0 and O(n)=1 if >0, & is the complete antisymmetric tensor of Levi Civita. The

symbols k;k; and &; denote operators with the properties
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[ 8 ki 1,2
2 j or j)=1,4,
k i fi 1,2
Ek,:{‘ "B O YT
kik; for 4,j+3
02 .
| a—zz for l=7=3,
and
Fy— —— for 1=3,
ky for 1=1,2.

The response functions depend explicitely on z,
respect to the z-direction. (For comparison, see the

If w2¢e'[c2= k2 i.e. k3=0 there are poles in (2.7)—
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(2.10)

(2.11)

y and z’, y'. They are translationally invariant with
response functions (5.2)—(5.4) in [15].)
(2.9), which lead to singularities in the partial mode

densities and the density of states. The normal ordered correlations which are closely related to mea-

surable quantities in photon detection experiments

(NY (. o wdw .| ho 1-1
Ei}' (riry-[): _2‘—2k et eXP%—BT_l
o =1
H(N) r,r',7) ——2h elot exp — —1
B
[ o =L
C(A) (r,7',7) ——2hezw1 eXp]T?f"—l
B

The last terms in (2.12)—(2.14) define the spec-
tra of the normal ordered correlations with respect
to the positive frequency range.

3. Partial Mode Densities

We define the volume averaged correlations

jE“V) (r,r, 7)d3r, (3.1)

Iiy(t)= [H{ (r,r,7)d3 .

Egs. (3.1) and (3.2) can be written in the form

(3.2)

FE fﬁwe“‘”

. exp(

oo
=fﬁwe“°’
0

. exp(

(3.3)

ho

B .
IR D:
kT 1| 27 Dg(w),

Iy (v) (3.4)

+

—1

=1

o -
27 Dy (w) .

ksT

can be obtained from the symmetrized versions [7]

Im yijee(r, v, w) /

0

dw

EN(r, v, w)eior,
2n

(2.12)

oo

, dw o~
Im yiymw (r,r', ©) = o H{ (r, v, w) etor | (2.13)
0

dw

2n GV (r, v, w)eioT

i Re yijpn (r, r', o) / (2.14)

0

In (3.3) and (3.4) we have introduced the partial
mode densities D% (w) and D (w) [14].

The summation of the partial mode densities
leads to the usual mode density or density of states
D(w) which is relevant for the calculation of the
global thermodynamic properties of the blackbody
radiation:

®) + D ()] . (3.5)

3
=120
For the cube as well as for the isotropic infinite
space all partial mode densities are equal (D% (o)
D (w)=1D(w)). This is, however, no longer valid
in our system and in the slab geometry [14]. The
integration in (3.1) and (3.2) extends over the
infinite z-axis and therefore we actually have to
consider the quantities

lim

Ls—>o0

1
lim — T
Lo VB

which yield finite values.

D"E} (V = Li1Ly Ly)

1
and —
} Vol
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~

|| =14, (3.6)

3.7)

Inserting (2.7) and (2.8) in (2.12) and (2.13) we find in the limit ¢ —1:

D3V =g, 2, L@lon? = it (oo — R 0 wlan? — 2, 33)
.%mwv=;E£$Em§wgwmﬂ—Mmmmm—ﬁ%wmwmw—wL 3.9)

(@)Y = o nl:ig:lﬁz[(w/wo)“' — A2 O (o) — 2], (3.10)
DV =< g n,=§n,=o[“"/‘“°’2 — 2] [(oofeoo)? — A2]-V2 B (wo]eon)? — ], (3.11)
Dh(@)|V = Wn,ﬁnzf‘w/“”’z — 2] [(eofeoo)? — A2]-12 0 [(wfwo)? — 2], (3.12)
Dy = fnz (o) — AZ1-172 8 [(eo]evo)? — 2] (3.13)

The summation range of the double series in (3.8)—(3.13) is different for the E- and the H-field.
Summing up (3.8)—(3.13) we get the total mode density:

w
D(@)V =—5 57T o Ly Lo 9

ni=1,np=1 ny=1

S S z }[(w/wo)2 — 72172 B [(w]wo)? — #2].

(3.14)

(n2=0) (ny= 0)

Equation (3.14)represents the eigenvaluespectrum
of the EM-field in the rectangular wave guide. In a
closed lossless system we have

D(w) = 6(w — wy). (3.15)
{k}

Equation (3.15) is a series over the discrete modes
of the system, w=c|k|; the eigenvalues k are
determined by the shape of the closed system. In
the slab geometry — the distance of the perfectly
conducting plates is L — we find [13]:

(3.16)

+50(zem) ]}

Equation (3.14) is zero for w <<cn/Max(Ly, Ls);
for w>cn/Max(Ly, Lz) a continuous spectrum
exists which tends to + oo at the points w/wo=7
i.e. for #(4/2)=)L1Lz (A=wavelength). The
spectrum (3.16), however, has a continuous part
beginning at zero frequency. With increasing w
successive finite jumps in D(w) are observed at
n(4/2) = L. Equation (3.16) can be considered as

D(@)V = ch{

the superposition of a two dimensional continuous
spectrum and a one dimensional discrete spectrum
[24]. Similarly, Eq. (3.14) may be interpreted as the
superposition of a discrete spectrum in two dimen-
sions and a continuous spectium in one dimension.
As the corresponding EM-field is at least two
dimensional, the spectrum (3.14) is only different
from zero if also a discrete part is involved, i.e. if
A|2<Max (L1, Lg).

The representation of the partial mode densities
in the form (3.6)—(3.13) is most useful for small
frequencies because in this range only a few terms
in the series have to be taken into account.

Consequently, for the calculation of the low
temperature %wo>kp7T representation of the
correlations (3.1) and (3.2) one should start from
(3.6)—(3.13). The w — oo representation, which is
suitable for the calculation of the high temperature
representation (% wo < ks7') of the correlations, can
be derived by applying the Poisson summation
formula to (3.8)—(3.13). Introducing the quantity
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P = (P1.P2) = (L1/L2)V 2 p1, (Le/L1)Y 2 p2), |p|=1D. (3.17)
we find :
2 3 e 2sin(27 P 2cos (2P
By Uilf¥ et e 3 [ s o ] i w/(;"’) ]} (3.18)
{Z 3n%c 2 .- ol (27D w/wo) (2npw/w0
w 2J1 (27 P1 w/wo) (0] 1
—— 1+ > L —— Jo(27 ———
T 8mc? Ly _Z_co (27 P1 w/wo) = 4Ly ITI, ZWO( 7 Pz fwo) " 4mcLiLe
w? 3 = 2sin(2apwjwo) 2 cos (27 P w/wo) “
DY Voo d{1l 4 — ; — - (3.19)
{g}(“’)/ 3n2c3 2. pzzz ~ [ (27 P w|wo)3 (27 P w/wo)?
w 2 2 2J1(27 P2 w/wo) 1
Y {1 +|Z_\J° 27 1 “’/“’0)} 87 ch {1 +,,:=Z_w @raprw/wo) |  4mecLiLs’
2 &7 n(2 2 cos (27 P 2sin (27 P
Dig) (0)|V = ——0)2—-5 {1 +3 > [_Slﬁ(’fp @]wo) A;’: B w/fzvo) ( il w/C:o) ]}
() 3nc e x| (27D ]wo) (27 p @fwo) (27 P @]wo)
o = 3 J1(27 p1 w]wo)
= m{‘ T2 2 “’*}(2’”’1 ©l) = "2 a 5y wlwa)
o J1(27 P2 wwo)
s . 3.20
F 8702 L, {1+2p _Zw[Jo 27 P wwo) — Brtiwiog (3.20)

The upper and lower signs in (3.18)—(3.20) refer
to the E- and H-field, respectively. Jo and J; denote
the ordinary Bessel functions of order zero and one.
The primes at the summation signs express that the
P=0and p; =0 terms have already been extracted
out of the double and the single series, respectively.
They represent the ‘‘smoothed” partial mode
densities.

Summing up (3.18)—
cancel out and we obtain

(3.20), the single series

w? w?
i' sin (27t P w/wo) 1
et o 27 P wwo 2ncLy Ly -

The first term in (3.21) is the density of states in
the isotropic infinite space. In the smoothed total
mode density there are no terms proportional to the
surface of the system.

Equations (3.18)—(3.20) and (3.21) may be
interpreted as multiple reflection expansions: p;
and pp are the numbers of reflections (in the sense
of classical trajectories) at the walls = Ls and
y=L;, respectively. In (3.21) the double series
vanishes if |/(py L1)2 + (p2 L2)? is a multiple of half
of the wavelength (closed trajectories).

The general concept to calculate mode densities
by multiple reflection expansions has been developed

by Balian and Bloch [25—27]. The expressions
(3.18)—(3.20) are similar to the multiple reflection
expansions (i.e. @ —> oo representations) of the
mode densities in rectangular cavities [5, 11] and in
the slab resonator [6].

4. Correlation Funetions

4.1. o — oo Representation

We insert (3.8)—(3.13) in (3.3) and (3.4). We
expand the Bose distribution in an exponential
series and note the integrals [28]

y2 —1)"12exp(— Ay)dy = Ko(4) and

g~ 8

y2(y2 — 1) 12exp(— Ay) dy

[

1
= 7-K1(1) + Ko(4).

K, represents the modified Bessel function [29].
With the definitions
a="h (O()/(kB T) (4.1)

and

# = 2(L1 Lo)32/(V 7?) (4.2)
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we find:

Ey[fi(ep — ¢ wo 7)]

oo (=] 4
xTg(0)/(hwo) =2 > . ﬁz{

f(ep — twoT)

Ki[fi(xp — i wo7)]

oo oo 4
xTH(D)(hwo) =2 > ;ﬁz{

8
8
'S

T (hw) =2 >

p=1n1=1,n3=1 T

fifep — L woT)

— 72 Ko [fi(ap —1wo7T)],

= I'g (7)/(F wo) =Z Z — 72

p=1n1=1,ns=0 7T

oo o 4 {Kl[ﬁ(ap—iwo'r)]-*_

fi(lep — 1 woT)

= Fe

x[h()(hwo) =2 >

'S

T (D) (hwo) =2 D

p=1n1=0,n2=0 4

If Li=L; the x- and y-components of the
correlations are equal. For large moduli of the
arguments of the modified Bessel functions we may
expand these functions [29].

The coherence properties of the radiation field
are described by the complex degrees of coherence
[30]. Due to the Gaussian character of thermal light
it is sufficient to consider the second order degree of
coherence.

We put Ly =Ly and consider the limit o> 1.
We expand the modified Bessel functions and take
into account only the largest term in the series (4.3)
and (4.4). We obtain:

ve = TE(D[TE(0) e [1 — i kpT t/h]"1/2, (4.9)
Ve = 5 (1) % (0)—>eV2%7 [1 — ik T 7/A]-1/2. (4.10)
Both (4.9) and (4.10) describe a damped one

mode behaviour. Equations (4.9) and (4.10) differ
only be the different recurrance times: (4.9) reveals

We find :

4 Ki[fi(ep — 1t wo7)]
fifep — 1 woT)

— 2 Ko[fi(ep —t wo T)] .

207

~+ (22?/7i?) Ko (e p — 1 wo T)]} ; (4.3)
+ (7a?/%) Ko[i(xp — i wo T)]}, (4.4)
(4.5)

(7i22/7i2) Ko[fi (o p — ¢ wo 1)]} ; (4.6)

+ (7n2[7i%) Ko[#i (e p — i wo T)]} . (47)
(4.8)

a complete cycle in the time necessary to go
through 2 L while in (4.10) only the time 7= |/2 L/c
is necessary.

In contrary to the slab resonator, where the
anisotropy is very marked in the a — oo regime
[14, 15], we find in the wave guide nearly identical
behaviour for both components (4.9) and (4.10).
The damping in (4.9) and (4.10) is a consequence of
the single infinite dimension of the system. In the
slab resonator with two infinite dimensions the
damping factor in the component parallel to the
plates has the form (1 —<¢kgT t/k)"1 (see (34) in
[14]).

4.2. « — 0 Representation

We insert (3.17)—(3.19) in (3.3) and (3.4),
expand the Bose distribution in an exponential
series and note the integral [28]

ﬂ-—v[(az = ﬁz)\l/z = a]v
(a2 + B2

j.'oe‘“z Jy(Bx)dx =
0

#Iigy @00 =83 3 [na—iogn)?+ @app?

E
H

n=1 py,pz=-0°

oo ©o

F /L2222 [(ne—iwgT)? 4 (27 §1)2] 732

n=1py=-c©

(4.11)

2(no — 1t woT)2— (27 P2)2

+ (LofLy)12 Y >

n=1 p2= — 0

(o — i o 7)2 + (27 P2)?]5/2

—a20(2,1 —twoT/) ,
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r%ﬂmmww=82 2

n=1 py, pa= -0
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[(ma —two )2+ (27 P)2]2

(27 P1)?

+ (LIS S
n=1 pi1= -0
F LIS

n=1pg= -0

(na —iwoT)? + (27 )22

2(na — i woT)2 —

(4.12)

i [(mo — o T)2 4 (27 P2)2]73/2 — a2 (2,1 — 1 wo T/x) ,

[(ma —twoT)? 4 (27 P)2]2

(27 p1)?

Iig\(0/(hwo) =82 >
{H} n=1 py,pe=-©
1 (=) oo
+ (Ln/L2)'2 5 > 2
n=1 py=-00
F (LafLa S
n=1ps= -

The upper and lower signs refer to the E- and
the H-correlations, respectively. {(a, s) denotes the
generalized Riemann zeta function [31].

We have seen above that the Egs. (4.3)—(4.8)
can be considered as an expansion around the one
mode limit. The § =0 terms in the threefold series
of (4.11)—(4.13) yield 8/«% (4,1 —tkgT7/h). In
the limit & — 0 these terms are the dominant ones:

(kp T)*

7))V —>4 (o)

(4,1 —ikgT</R).
They represent the correlations of the infinite space
and, consequently, (4.11)—(4.13) may be inter-
preted as the expansion around the isotropic space
limit. The $;=0 terms in the double series of
(4.11)—(4.13) yield

+ (Li/Ly)V2a32(3,1 — i kn T 7/h) .

The p=0 terms in (4.11)—
smoothed partial mode densities,

(4.13) result from the
i.e. from the

\
\
\
|| \
0.5 — N\
\.
~N
~
\\
\\\
o T
0 a4 KT 8
h

Fig. 1. Modulus of the temporal degree of coherence for the
rectangular wave guide as a function of the thermodynamic
reduced time kg7't/k for oo — oo (dashed line) i.e. one mode
limit and for «— 0 (solid line) i.e. the thermodynamic limit.

i [ — i woT)2 + (27 2)2]3/2 .

(no—1wo7)%+ (27 P1)%]5/2

(4.13)

p =0 terms in (3.18)—(3.20). Corresponding expan-
sions in the case of the cube and the slab resonator
are equally well known [5, 6].

In Fig. 1 we have plotted the modulus of y% for
both limits o — co and o — 0, i.e. Eq. (4.14) and
the first term in the normalized correlations
(4.17)—(4.19). The modulus of the (second) degree
of coherence for 0<<a<C oo lies between these two
limiting curves.

As we have already mentioned, in contrast to the
slab resonator there is no remarkable anisotropy
(see e.g. Fig. 3 in [14]).

In the wave guide closed trajectories are possible
—ct=2[(L1p1)2+ (L2p2)2]}/2— and therefore, as
in the slab resonator, the phases of y reveal complete
cycles while in the infinite isotropic space the
phases of y tend to the value $z [6, 14].

5. Internal Energy

With the aid of (3.5) we can write
E(T)= [holexp(hw/ksT) — 1171 D(0)dw . (5.1)
0

Inserting (3.14) in (5.1) we get the o — oo
representation of the internal energy:

_n—lz{z Z +E+Z} (5.2)

ny,ne=1 ny=1 na=1

- i2[Kq (7 p)/(o 7o p) + Ko (a7 p)] .

Tax
2% wo (/J()

In the limit ¢ — oo, E(T) shows the exponential
behaviour (we put Ly =Lgs=0L):

E(T) ~ a12exp(—a) .
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1
@
0.5
)
0
©
-054
@
=1 :
0 5 a — 9

Fig. 2. Relative deviation of the radiation energy in the
slab resonator (1), in the cube (4) and in the wave guide (3)
from the Stefan Boltzmann law:

mralt
12{(4) hawo
The relative deviation of the radiation energy in the slab
resonator from the 7'3 law is also displayed (2):

AE|E = E(T)—1.

mxod

AB/E = 57 Byhao

E(T)—1.
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